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The structure of the ﬁx bundle free automorphism groups of
inversive planes of odd order is determined. As a special case of
our main result, the automorphism groups with a transitive action
on the points of an inversive plane of odd order are essentially
determined, and the plane is shown to be miquelian when these
have no non-trivial normal subgroups of odd order.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
A classical problem in ﬁnite geometries is the question whether a ﬁnite inversive plane J of odd
order n is necessarily miquelian, that is, it arises from the plane sections of an elliptic quadric in
PG3(n). This problem has been investigated by several authors from different perspectives, and it has
a positive answer if suitable conditions are fulﬁlled. The main results in this direction assert that J
is miquelian, if one of the following conditions holds:
(1) J admits an “orthogonality” (Dembowski and Hughes, 1965 [8]);
(2) the “bundle theorem” holds universally (Kahn, 1982 [24]);
(3) the internal aﬃne plane JX is desarguesian for at least one point X of J (Thas, 1994 [34]).
Another classical approach is trying to determine J by imposing restrictions on its automor-
phisms. Several research papers have been devoted to the above mentioned problem starting from
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plane J of order n ≡ −1 mod 4 and consisting of automorphisms that induce even permutations on
the points of J . In the same year, Hering [17] proved that, if J admits an automorphism group G
acting 2-transitively on its points, then J is miquelian and PSL2(n2) G  PΓ L2(n2). In 1974, Krier
and Liebler [26] showed that J is miquelian of order 3 or 5, if J admits an automorphism group
which acts as a rank 3 group on a ﬁxed circle. Finally, in 1992, Bonisoli [3] proved that, if an inversive
plane J of odd order n admits an automorphism group G acting primitively on its points, then J is
miquelian and, apart from the 2-transitive case, n = 3 and A5 G  S5.
The present paper is a further contribution to the problem. In the ﬁrst part of the paper we extend
the results of Hering on 2-groups acting on J to the case n ≡ 1 mod 4. Then we use these results,
together with those of Bender [2] and Stroth [31], to determine the structure of the admissible groups
acting on an inversive plane of odd order n, under the assumption that G does not ﬁx any bundle
of J (f.b.f. automorphism groups, for short). In particular, we make no use of the classiﬁcation of
the ﬁnite simple groups. As a special case of our main result, we determine the structure of the
groups with a transitive action on the points of J , thus generalizing the above mentioned results of
Hering and Bonisoli. It must be pointed out that, if an automorphism group G of J ﬁxes a bundle
with carriers P and Q , the subgroup GP ,Q , which has index at most 2 in G , is a collineation group
of the internal aﬃne plane JP ﬁxing Q , and the problem of determining the structure of J and
G becomes extremely diﬃcult. Indeed, the are only partial results in this direction (see for example
Hering [16,18] and Czerwinski [5]).
More precisely, if O (G) denotes the maximal normal subgroup of odd order of G , we obtain the
following result:
Theorem 1. If G is a f.b.f. automorphism group of an inversive plane J of order n, then either G is solvable, or
〈1〉 O (G) < L G, where G/L is solvable, L/O (G) is isomorphic to L0 , L1 , L2 , L3 , L4 , L1 × L1 , L1 × L2 , or
to L1 × L4 , and
(1) L0 ∼= Sp4(q), with q odd;
(2) L1 ∼= Z2.A7 , SL2(q), with q odd;
(3) L2 ∼= PSL2(q), PSL3(q), PSU3(q), with q odd;
(4) L3 ∼= PSL2(q), PSL3(q), PSU3(q), Sz(q), with q even, q 4;
(5) L4 ∼= A7,M11 .
As an immediate corollary of the previous result, we have the following
Theorem 2. If G is a f.b.f. almost simple automorphism group of an inversive plane J of order n, then the socle
of G is isomorphic to one of the groups PSL2(q), PSL3(q), PSU3(q), Sz(q), A7 and M11 .
The condition that an automorphism group of J does not ﬁx any bundle is certainly fulﬁlled by
the automorphism groups with a transitive action on the points of J . Thus, we have the following
result.
Theorem 3. Let G be a point-transitive automorphism group of an inversive plane J of odd order n. Then one
of the following occurs:
(1) O (G) = 〈1〉 and either G is solvable, or 〈1〉 < O (G) < L  G, where G/L is solvable and one of the
following occurs:
(a) L has two point-orbits each of length n
2+1
2 , L/O (G)
∼= Z2.A7 , SL2(q), with q odd. If P is any point
of J , we have L = O (G)LP , with LP /O (G)P ∼= Z2.A7 , SL2(q), with q odd, respectively;
(b) L is transitive on the points of J and all involutions in L are dilatations. Moreover, all O (G)-orbits of
points of J have the same length k > 1, and if P is any point of J , one of the following occurs:
(i) n2 + 1 = kq(q + 1), q = pr , p ≡ 1 mod 4, L/O (G) ∼= PSL2(q) and LP /O (G)P ∼= Z q−1
2
;
(ii) n2 + 1 = 2kq2(q2 + q + 1), q ≡ 2 mod 3, L/O (G) ∼= PSL3(q) and LP /O (G)P ∼= Zq−1.PSL2(q);
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Zq−1.PSL2(q);
(iv) n2 + 1 = 2kq2(q2 − q + 1), q = pr , p ≡ 1 mod 4, L/O (G) ∼= SU3(q), and LP /O (G)P ∼=
Zq+1.PSL2(q).
(2) O (G) = 〈1〉, J is miquelian, and one of the following occurs:
(a) n = √q and PSL2(q) G  PΓ L2(q) (2-transitive action);
(b) n = 3 and A5 G  S5 (primitive action).
Cases (2)(a) and (2)(b) obviously occur. If G is solvable, examples occur in the miquelian plane.
Indeed, let J be a miquelian plane of order q, q = pr , p an odd prime. Then Aut(J ) ∼= PΓ L2(q2). If
G ∼= Dq2+1  PGL2(q2), with G ∩ PSL2(q2) ∼= Z q2+1
2
, it is easily seen that G has a transitive action on
the points of J . Finally, cases (1)(a) and (1)(b) are open.
If G has a primitive action on the points of J , the results of Hering and Bonisoli follow from
Theorem 3.
2. On 2-groups acting on an inversive plane of odd order
We shall use standard notation. The necessary background on ﬁnite inversive planes and spe-
ciﬁc automorphism groups may be found in [7]. For the necessary background on group theory used
throughout the paper, the reader is referred to [1] and to [12].
If α is an automorphism of an inversive plane, we denote by Fix(α) the set of points of J ﬁxed
by α. Moreover, if G  Aut(J ), we denote by Fix(G) the set ⋂g∈G Fix(g).
If S is a 2-group, we shall also use the following notation:
• I(S) is the set of involutions of S;
• Ωi(S) is the subgroup generated by the elements of S whose orders are divisors of 2i ;
• m(S) is the maximal rank of an abelian subgroup of S;
• Z2m is the cyclic group of order 2m;
• E2m is the elementary abelian group of order 2m;
• D2m = 〈α,β: α2m−1 = β2 = 1, αβ = α−1〉, m 3, is the dihedral group of order 2m;
• SD2m = 〈α,β: α2m−1 = β2 = 1, αβ = α−1+2m−2 〉, m 4, is the semidihedral group of order 2m;
• Q 2m = 〈α,β: α2m−1 = 1, β2 = α2m−2 , αβ = α−1〉, m  3, is the generalized quaternion group of
order 2m .
Throughout the paper a central role is played by the 2-rank of an automorphism group G of J ,
which is the rank of any Sylow 2-subgroup of G and will be denoted by m2(G).
The following properties of the involutory automorphisms of J will be often used in our investi-
gation.
Proposition 4. Let α be an involution of an inversive plane J of order n. Then α is a dilatation, a circle
inversion, or a f.p.f. involution. If α is a dilatation, then α induces an even permutation on the points of J ; If
α is a circle inversion, then α induces an even or odd permutation on the points of J according to whether
n ≡ 1 mod 4 or n ≡ −1 mod 4 respectively; If α is a f.p.f. involution, then α induces an odd permutation on
the points of J .
See [6, Satz 2.3], for a proof.
Proposition 5. Let α, β be two involutions of an inversive plane J of order n.
(1) If α, β are both dilatations such that Fix(α)∩ Fix(β) = {P }, with P point of J , then αβ is semiregular on
J − {P } and of order a divisor of n. Furthermore, αβ = βα and there is no involution commuting with α
and β;
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Fix(β) are four concircular points;
(3) If αβ = βα and α, β are circle inversions, then αβ is a dilatation.
See [3, Proposition 1.2.i], for a proof of (1), and see [15, Hilfssatz 2.7], and [6, Satz 2.3], for a proof
of (2) and (3) respectively.
Lemma 6. Let 〈α〉 × 〈β〉 ∼= Z4 × Z2 acting on an inversive plane J of odd order. If β induces an even permu-
tation on the points of J , then |Fix(α2) ∩ Fix(β)| = 2.
Proof. Let n be the order of J . Since β is an involution inducing an even permutation on the points
of J , then either |Fix(β)| = 2, or |Fix(β)| = n + 1 and n ≡ 1 mod 4 by Proposition 4. Therefore, we
have that |Fix(β)| ≡ 2 mod 4 in each case. Thus α preserves at least a 2-subset of points of Fix(β),
and hence α2 ﬁxes it pointwise. From Proposition 5(3) we deduce that equality holds. 
Remark 7. Let S be a 2-group acting on an inversive plane J of odd order n, and let E be an ele-
mentary abelian subgroup of S . If E0 denotes the subgroup of E inducing even permutations on the
points of J , then [E : E0]  2. If E1 denotes the subgroup of E0 consisting of dilatations, by Propo-
sitions 4 and 5, we have that either [E0 : E1] = 2 or E0 = E1 according to whether n ≡ 1 mod 4 or
n ≡ −1 mod 4 respectively.
The ﬁrst part of this section is devoted to the evaluation of the rank of S . For Lemmas 8–10 we
will use the notation of Remark 7.
Lemma 8. The following hold:
(1) If n ≡ −1 mod 4, then m(S) 3. If m(S) = 3, then the group S contains involutions of distinct types;
(2) If |E1| 2, then m(S) 3. If E1 = 〈1〉, then |Fix(E1)| = 0 or 2.
Proof. Assertion (1) follows from [16, Satz 3], and [6, Satz 2.3]. Finally, assertion (2) follows from
Remark 7 and Proposition 5(2). 
Lemma 9. Assume that Fix(E1) = ∅. Then |E1| = 4 and m(S)  3. Moreover, if m(S) = 3, then S contains
involutions of distinct types.
Proof. By Proposition 5(2) there are α1,α2 ∈ E1 such that Fix(α1) ∩ Fix(α2) =∅. For i = 1,2, let E1i
be the subgroup of E1 ﬁxing Fix(αi) pointwise. Then [E1 : E1i]  2 for i = 1,2, and E11 ∩ E12 = 〈1〉,
since E1 consists of commuting dilatations and Fix(α1) ∩ Fix(α2) = ∅. Thus E1 = E11E12 and hence
|E12| = |E11| = 2, as [E1 : E1i]  2 for i = 1,2. Therefore, we have that |E1| = 4. Thus |E0|  8 and
|E|  16, since [E0 : E1]  2 and [E : E0]  2. If n ≡ −1 mod 4, then E0 = E1. Thus |E|  8, and the
assertion follows. If n ≡ 1 mod 4, then E = E0 by Proposition 2.4 of [3], and again we obtain the
assertion. 
Lemma 10. Assume that n ≡ 1 mod 4. If |Fix(E1)| = 2 and [E0 : E1] = 2, then |E1|  2 and m(S)  3.
Moreover, if m(S) = 3, the group S contains involutions of all types.
Proof. Since [E0 : E1] = 2, let σ be a circle inversion of E0. Since E0 is abelian, then E1 preserves
the circle C ﬁxed pointwise by σ . As n + 1 ≡ 2 mod 4, then E1 preserves a 2-subset {X, Y } on C .
If |E1| 4, there is 1 = γ ∈ E1 that ﬁxes X and Y . Then E1 ﬁxes X and Y , as Fix(E1) = Fix(γ ).
Consequently, E0 ﬁxes X and Y . Then E0 consists of commuting involutory homologies in a tri-
angular conﬁguration in the projective extension of the internal aﬃne plane JX . So, |E0|  4 by
[25, Lemma 3.1]. However, this is impossible, since |E1|  4 and [E0 : E1] = 2 by our assumption.
Thus, |E1| 2 and the assertion follows from Lemma 8(2) and Remark 7. 
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J and since n2 + 1 ≡ 2 mod 4, then the group S preserves a 2-subset {X, Y } of points of J . Hence,
we have that [S : S X,Y ] 2. For the remainder of this section the symbols X , Y will denote the points
of the 2-subset of J preserved by S .
Lemma 11. Let S be a 2-group acting on an inversive plane J of odd order n, and assume that each element
of S induces an even permutation on the points of J . If n ≡ 1 mod 4 and S − S X,Y contains an involution σ ,
then one of the following holds:
(1) |CS (σ )| > 4 and the following occur:
(a) CS (σ ) ∩ S X,Y contains circle inversions;
(b) CS (σ ) − S X,Y contains dilatations;
(c) m(S X,Y ) 2, and S X,Y contains a unique dilatation if m(S X,Y ) = 2.
(2) |CS (σ )| = 4 and S ∼= D2m , SD2m .
Proof. By Proposition 4 either |Fix(σ )| = 2 or |Fix(σ )| = n + 1, since each element in S induces an
even permutation on the points of J . Therefore, we have that |Fix(σ )| ≡ 2 mod 4 in each case, since
n ≡ 1 mod 4.
If |CS (σ )| > 4, there is a non-trivial subgroup U of index at most 2 in CS (σ ) ﬁxing at least two
points on Fix(σ ). Then there is a non-trivial subgroup V of index at most 2 in U that ﬁxes X and Y .
Thus, V ﬁxes at least four points of J including X , Y . So V , and hence CS (σ )∩ S X,Y , contains a circle
inversion ζ ﬁxing X and Y . This proves the assertion (1)(a).
The involutions σ , σζ lie in CS (σ ) − S X,Y , and at least one of them is a dilatation by Propo-
sition 5(3). Therefore, we obtain the assertion (1)(b). Finally, if m(S X,Y )  2, there is at least an
involution ρ ∈ S X,Y commuting with ζ . In particular, one among ρ , ζρ is a dilatation by Proposi-
tion 5(3). Thus we may assume that ρ is a dilatation. Then ρ is the unique dilatation of S X,Y and
m(S X,Y ) = 2 by [25, Lemma 3.1], since 〈ζ,ρ〉 S X,Y , 〈ζ,ρ〉 ∼= E4 and ζ is a circle inversion. Therefore
we obtain the assertion (1)(c).
If |CS (ζ )| = 4 then either S ∼= D2m , SD2m by [32, Lemma 4], and we obtain the assertion (2). 
Theorem 12. Let S be a 2-group acting on an inversive plane J of odd order n. If each element of S induces
an even permutation on the points of J , then one of the following holds:
(1) m(S) 3, and the group S contains involutions of distinct types if m(S) = 3;
(2) n ≡ 1 mod 4, and all involutions in S are dilatations lying in S X,Y .
Proof. If n ≡ −1 mod 4, then the assertion (1) follows from Lemma 8(1). Hence, we may assume that
n ≡ 1 mod 4. Let E be an elementary abelian subgroup of S of maximal order and let E0 and E1 be
deﬁned as in Remark 7. By assumption E = E0. If |E1| 2, the assertion (1) follows from Lemma 8(2).
Therefore, we may assume that |E1| 4. Hence E1 ∩ S X,Y = 〈1〉, as [S : S X,Y ] 2.
Assume that E1  S X,Y . Then |Fix(E1)| = 0 and the assertion (1) follows from Lemma 9.
Assume that E1  S X,Y . Hence, we have that |Fix(E1)| = 2. Then E0 = E1, otherwise, we obtain
a contradiction by Lemma 10, as n ≡ 1 mod 4 and |E1| 4. Hence E = E0 = E1 and E  S X,Y . Since
E is maximal we have E ∩ Z(S) = 〈1〉.
Assume that S X,Y contains a circle inversion β . Then β commutes with at least one element of
E  S X,Y , as E ∩ Z(S) = 〈1〉. Then, by [25, Lemma 3.1], we must have |E| 2, since we proved that
E = E1  S X,Y . However, this is a contradiction, since |E1|  4. Hence, S X,Y does not contain circle
inversions. If all involutions of S lie in S X,Y , we obtain the assertion (2). If S − S X,Y contains an
involution, then S is isomorphic to either D2m or SD2m by Lemma 11, and hence the assertion (1)
follows. 
Theorem 13. Let S be a 2-group acting on an inversive plane J of odd order n, and assume that each element
of S induces an even permutation on the points of J . If m(S)  2, then either m(S) = 1 and S ∼= Z2m or
S ∼= Q 2m , or m(S) = 2 and one of the following occurs:
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(2) I(S) = I(S X,Y ), and one of the following occurs:
(a) If |I(S X,Y )| > 3, either S is isomorphic to one of the groups D2m , SD2m+1 , or Ω1(S) is isomorphic to
Q 2m ◦ D2s , or to Z4 ◦ D2m , where m, s 3. Moreover, the central involution of S is a dilatation;
(b) If |I(S X,Y )| = 3, the structure of S is determined in Theorems 2.1, 2.2, 2.8, 2.16 and 2.18 of [22].
Proof. If m(S) = 1, then either S ∼= Z2m or S ∼= Q 2m . Hence, assume that m(S) = 2. Suppose that there
is an involution σ ∈ S − S X,Y . Therefore, S = S X,Y 〈σ 〉. If σ is central in S , then S = S X,Y × 〈σ 〉 with
m(S X,Y ) = 1, since m(S) = 2. Thus, we obtain that S is isomorphic either to Z2m × Z2 or to Q 2m × Z2.
Assume that σ is not central in S . If n ≡ −1 mod 4, then S ∼= D2m+1 , SD2m+1 by [16, Satz 3], since
S consists of even permutations on the points of J . Hence, assume that n ≡ 1 mod 4. If |CS (σ )| > 4
then S X,Y contains a circle inversion ζ , and at least one of the involutions σ , σζ in S − S X,Y is a
dilatation by Lemma 11(1)(a)–(1)(b). We may assume that σ is a dilatation. Since σ is non-central
in S , there is φ ∈ S such that σφ = σ . Therefore, 〈σφ,σ 〉 is either a dihedral subgroup of S whose
central involution is a dilatation, or an elementary abelian group of order 4 consisting of dilatations
by Proposition 5(2)–(3). Since [S : S X,Y ] = 2, then 〈σφ,σ 〉 ∩ S X,Y is a non-trivial normal subgroup
of 〈σφ,σ 〉. So, S X,Y contains a dilatation of 〈σφ,σ 〉. This forces m(S X,Y ) = 2, since S X,Y contains
the circle inversion ζ . Then S X,Y contains a unique dilatation by Lemma 11(1)(c). Let ρ be such
a dilatation. Then ρ ∈ Z(S), since S X,Y is normal in S . So, we have 〈σ , ζ,ρ〉 ∼= E8, since 〈ζ,ρ〉 
CS (σ ) ∩ S X,Y and σ ∈ S − S X,Y . However, this is impossible since m(S) = 2 by our assumption. Thus,
|CS (σ )| = 4 and hence S ∼= D2m+1 , SD2m+1 again by [32, Lemma 4]. This proves the assertion (1).
Assume that each involution in S lies in S X,Y . Then Ω1(S) is isomorphic to one of the groups E4,
D2m , Z4 ◦ D2m , Q 2s ◦ D2m , with m, s  3, by [23, Satz 3.1]. If |I(S)| > 3 and Ω1(S X,Y ) ∼= D2m , then
S ∼= D2m or S ∼= SD2m+1 by [23, Satz 4.1], and we obtain the assertion (2)(a).
Finally, if Ω1(S) ∼= E4, then the structure of S is given in great detail in [22, Theorems 2.1, 2.2, 2.8,
2.16 and 2.18]. Hence, we obtain the assertion (2)(b), and the proof is thus completed. 
Now, we introduce some group-theoretical tools that will be used to determine the structure of
the 2-groups of rank 3 acting on an inversive plane J of odd order n.
Let U be a 2-group and let α ∈ Z(U ) ∩ I(U ). We write U = U1  · · ·  Uk , k  1, if the following
are true:
(a) α ∈ Ui for each 1 i  k, and U/〈α〉 = U1/〈α〉 × · · · × Uk/〈α〉;
(b) Ui ∼= E4 or D2mi , where mi  3, for each 1 i  k;
(c) Let Fi be the cyclic subgroup of index 2 in Ui with α ∈ Fi for each 1  i  k. Then [βi, β j] = α
for each βi ∈ Ui − Fi and β j ∈ U j − F j , whenever i = j.
Lemma 14. If U = U1  · · ·  Uk and k > 1 then either U ∼= D8 or U ∼= Z4 ◦ T , or U ∼= Q 2t ◦ T , t  3 where
T is a 2-group.
Proof. Assume that Ui ∼= D2mi , mi  3, for each 1 i  k. Hence Ui = 〈αi, βi〉, where α2mi−1i = β2i = 1




2 · · ·α2
mk−3
k
〉 ◦ (〈α2, β2〉  · · ·  〈αk, βk〉
)
,
where 〈α1, β1α2m2−32 · · ·α2
mk−3
k 〉 is isomorphic to D2m1 or to Q 2m1 according to whether k is odd or
even respectively. Therefore, U1  · · ·  Uk is isomorphic to D2m1 ◦ C or to Q 2m1 ◦ C , where C =
U2  · · ·  Uk , according to whether k is odd or even respectively. If k is even we have the assertion.
If k is odd, the previous argument yields that C is isomorphic to Q 2m2 ◦ C0, where C0 is a 2-group.
Hence, U1  · · ·  Uk ∼= D2m1 ◦ Q 2m2 ◦ C0. Therefore U1  · · ·  Uk ∼= Q 2m2 ◦ C1, where C1 = D2m1 ◦ C0,
and again we have the assertion.
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Ui ∼= U j ∼= E4, either U ∼= D8, or k > 2 and we may assume that only U1 is isomorphic to E4. In the
second case, one can prove that U ∼= Z4 ◦ T where T is a 2-group. 
Here, it is quoted a reduced form of a result of Dempwolff.
Theorem 15 (Dempwolff). Suppose that a 2-group U is generated by a normal set R ⊆ I(U ) such that for each
σ ∈ R holds that CR(σ ) = {σ ,σα} for some ﬁxed α ∈ I(U ). Then U = U1  · · ·  Uk, k 1.
See [9] for a proof.
The subset of all dilatations of S generates a normal subgroup of S that will be denoted by D(S).
Using the previous result, we are able to determine the structure of D(S):
Proposition 16. Let S be a 2-group acting on an inversive planeJ of odd order, and assume that each element
of S induces an even permutation on the points of J . If m(S) = 3, and S contains circle inversions, then the
following hold:
(1) S = S X,Y 〈ϑ〉, where ϑ is an involution switching X and Y . In particular ϑ cannot be square in S;
(2) All involutions in S X,Y , apart from one, that is a dilatation, are circle inversions. The dilatation of S X,Y is
central in S;
(3) Either S X,Y is isomorphic to D2m or to SD2m+1 , or Ω1(S X,Y ) is isomorphic to one of the groups E4 , Q 2m ◦
D2s , Z4 ◦ D2m , m, s 3;
(4) D(S) is isomorphic either to E4 or to D2t , t  3.
Proof. Since each element of S induces an even permutation on the points of J and S contains
circle inversions by assumption, then n ≡ 1 mod 4 by Proposition 4. Moreover S contains dilatations
by Theorem 12. So, if all involutions of S lie in S X,Y then m(S) = m(S X,Y ) = 2 by [25, Lemma 3.1],
a contradiction as m(S) = 3 by our assumption. Thus there is an involution ϑ ∈ S − S X,Y . In particular
ϑ cannot be a square and we obtain assertion (1). Since m(S) = 3, then m(S X,Y ) 2. Thus |CS (ϑ)| > 4
and S X,Y contains a unique dilatation ρ by Lemma 11. As S X,Y  S , then ρ ∈ Z(S) and we obtain the
assertion (2). As m(S X,Y ) = 2, then Theorem 13 applied to S X,Y yields that either S X,Y is isomorphic
to D2m or to SD2m+1 , or Ω1(S X,Y ) is isomorphic to one of the groups E4, Q 2m ◦ D2s , Z4 ◦ D2m , m, s 3.
Thus, we obtain the assertion (3).
Let R be the subset of I(S) consisting of the dilatations which do not ﬁx X (and hence Y , as ρ
is a dilatation of S lying in Z(S)). As S preserves {X, Y }, then R is a normal subset of S . Let α ∈ R .
Clearly, we have that {α,αρ} ⊆ CR(α). If there is β = α,αρ such that β ∈ CR(α), then 〈α,β,ρ〉 is an
elementary abelian group of order 8 consisting of dilatations. However, this cannot occur by Lemma 9,
since Fix(〈α,β,ρ〉) = ∅. Therefore, CR(α) = {α,αρ} and hence, by Theorem 15, we have that D(S)
is isomorphic to S1  · · ·  Sk , where Si ∼= E4 of Si ∼= D2ti for each 1  i  k. If k > 1, then either
D(S) ∼= D8 or D(S) ∼= Z4 ◦ T , or D(S) ∼= Q 2t ◦ T , t  3 where T is a 2-group by Lemma 14. Apart
from the case D(S) ∼= D8, the group D(S) contains a subgroup 〈φ,σ 〉 ∼= Z4 × Z2, where φ2 = ρ and
σ ∈ R . Then Fix(ρ) = Fix(σ ) by Lemma 6. However, this is impossible, since σ does not ﬁx X and Y ,
as σ ∈ R . Thus either D(S) ∼= D8 or k = 1, and hence either D(S) ∼= E4 or D(S) ∼= D2t with t  3. This
proves the assertion (4). 
Corollary 17. Under the assumptions of Proposition 16, if Ω1(S X,Y )  E4 , and if ρ denotes the dilatation of
S X,Y , then ρ is the unique dilatation in S that is a square.
Proof. Since Ω1(S X,Y ) E4 we see by inspection of the groups from (3) of Proposition 16 that S X,Y
has just one central involution which is a square. The assertion follows then from Proposition 16. 
Theorem 18. Let S be a 2-group acting on an inversive plane J of odd order, and assume that each element
of S induces an even permutation on the points of J . If m(S) = 3, and S contains circle inversions, then the
following hold:
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(2) All involutions in S X,Y , apart from one, which is a dilatation, are circle inversions. The dilatation of S X,Y
is central in S;
(3) D(S) is isomorphic either to E4 or to D2t , t  3;
(4) If D(S) ∼= E4 , then U  K  CS (U )  S, where U ∼= E8 , |S/K |  4 and either K ∼= Z2m × E4 , or K ∼=
Q 2m × E4;
(5) If D(S) ∼= D2t , t  3, then one of the following holds:
(a) |I(S X,Y )| > 3, and the following occur:
(i) either S X,Y is isomorphic to D2m or to SD2m+1 , m  3, or Ω1(S X,Y ) is isomorphic to one of the
groups, Q 2m ◦ D2s , Z4 ◦ D2m , m, s 3;
(ii) the central dilatation of S X,Y is the unique dilatation which is a square in S;
(b) |I(S X,Y )| = 3, and one of the following occurs:
(i) S contains a normal elementary abelian subgroup of order 8, t = 3, and either S ∼= (Z2s × Z4) :
Z2 or S ∼= (Q 2s × Z4) : Z2;
(ii) S does not contain a normal elementary abelian subgroup of order 8, and the structure of S is
given in Theorem 1.1 of [21].
Proof. The assertions (1)–(3) follow respectively from (1), (2) and (4) of Proposition 16.
Assume that D(S) ∼= E4. If |S X,Y | = 4, then S X,Y ∼= E4 as m(S X,Y ) = 2. Then S ∼= E8 as [S : S X,Y ] = 2
and m(S) = 3, and we obtain (4) with U = K = S . If |S X,Y | > 4, then there is a non-trivial subgroup F
of S X,Y of index at most 4 that centralizes D(S) and ﬁxes Fix(γ ) pointwise for some γ ∈ D(S)
with γ /∈ S X,Y . Thus, F has exactly one involution which is a circle inversion by [7, Result 6.1.8(a)].
Therefore, either F ∼= Z2m or F ∼= Q 2m . Moreover, if K denotes 〈D(S), F 〉, then K = D(S) × F since
F centralizes D(S) and D(S) ∩ F = 〈1〉. As |D(S) ∩ S X,Y | = 2, then [S X,Y : K ∩ S X,Y ]  2 and hence
K ∩ S X,Y  S X,Y . Therefore K  S and |S/K |  4, as K = (K ∩ S X,Y )D(S) and S = S X,Y D(S). Thus
Ω1(K ) ∼= E8 is normal in S . Since either K ∼= Z2m × E4, or K ∼= Q 2m × E4, then K  CS (U ), where
U = Ω1(K ), and we obtain the assertion (4).
Assume that D(S) ∼= D2m , m 3. By (1) we have that S = S X,Y 〈ϑ〉, with ϑ is an involution switch-
ing X and Y . If |I(S X,Y )| > 3, the assertions (5)(a)(i) and (5)(a)(ii) follow respectively Proposition 16(3)
and Corollary 17. Hence, assume that |I(S X,Y )| = 3. Assume that there exists a normal elementary
abelian subgroup U of order 8 of S . By Proposition 5 we have |D(S)∩U | = 4. Moreover, D(S)∩U  S ,
i.e. D(S)∩U  D(S) which shows D(S) ∼= D8. Since [D(S) : D(S)∩ S X,Y ] = 2 and D(S) contains no cir-
cle inversions one has Z4 ∼= D(S)∩ S X,Y  S . Also F ∩ (D(S)∩ S X,Y ) = 〈1〉 and both groups normalize
each other. Hence S X,Y = F × (D(S) ∩ S X,Y ). Then S = S X,Y 〈ϑ〉 implies assertion (5)(b)(i).
Finally, assume that S does not contain normal elementary abelian subgroups of order 8. If S is
of maximal class, then S is metacyclic (e.g. see [21, remark before Theorem 1.1]). However, this is
impossible, again since m(S) = 3. Then the structure of S is given by [21, Theorem 1.1]. Therefore, we
obtain the assertion (5)(b)(ii), and the proof is thus completed. 
3. Proof of Theorem 1
A bundle with carriers X and Y of an inversive plane of order n is a set of n + 1 circles passing
through X and Y . In this section we determine the structure of the ﬁx bundle free automorphism
groups (f.b.f. automorphism groups for short) of an inversive plane of odd order.
If G  Aut(J ), denote by G∗ the group G ∩ Alt(J ), the subgroup of G consisting of even permuta-
tions on the points of J . Obviously, we have that [G : G∗] 2.
Now, let B(H) denote the subset of bundles of J preserved by a subgroup H of G . Clearly, we
have B(G) ⊆B(G∗), and G is f.b.f. if and only if B(G) =∅. If G ﬁxes a bundle B with carriers X , Y ,
then G preserves {X, Y }. The converse is also true. Therefore, a f.b.f. automorphism group of J is a
group that does not preserve 2-subsets of points of J .
Proposition 19. If G  Aut(J ), then eitherB(G∗) =B(G), or one of the following occurs:
(1) G = O (G)S, where S is a 2-group of order at most 8, and |Fix(O (G))| 3;
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(a) If K denotes the kernel of the action of G on C , the order of G/K is a divisor of 8;
(b) Either G is solvable, or O (G) × 〈σ 〉 < K and one of the following occurs:
(i) SL2(q) K/O (G) Γ L2(q);
(ii) K/O (G) ∼= Z2.A7 .
Proof. The above remark yields B(G) ⊆B(G∗). Assume that B(G)B(G∗). Hence, there is a bundle
with carriers, say X , Y , that is preserved by G∗ but not by G . Therefore, [G : G∗] = 2 and hence [G :
G{X,Y }] = 2, as G does not preserves {X, Y } and G∗  G{X,Y } . Consequently, we have that G∗ = G{X,Y }
and |{X, Y }G | = 2. Thus, the set A = {X, Y , X g, Y g}, where g ∈ G − G∗ , is a G-invariant subset of
points of J of cardinality 3 or 4. It consists of two distinct G∗-invariant 2-subsets of points of J .
Set K = GX,Y ,X g ,Y g . Then K  G∗ and K  G . It is easily seen that |G/K | is a divisor of 8, since A
is the union of two distinct G∗-invariant 2-subsets of points of J . Therefore, O (G)  K and hence
|Fix(O (G))| 3, as |A| 3. Actually, O (G) = O (K ), since K  G and O (K ) is characteristic in K . If K
is of odd order, then K = O (G) hence G = O (G)S , where S is a 2-group of order at most 8. Thus, we
obtain the assertion (1).
Now, assume that K is of even order. Since |A|  3, each involution in K is a circle inversion
ﬁxing the (unique) circle containing A. Actually, the group K contains exactly one involution by
[7, Result 6.1.8(a)]. Therefore, let σ be the circle inversion lying in K . Then σ is central in G , since
K  G . Moreover, each Sylow 2-subgroup of K is isomorphic to Z2m or to Q 2m . Assume that the
former occurs. Then K = O (K )Z2m by [12, Theorem 7.6.1], and hence G is solvable. Thus, we obtain
the ﬁrst part of the assertion (2)(b). Now, assume that the Sylow 2-subgroups of K are isomorphic
to a generalized quaternion group. Let K¯ = K/〈σ 〉. Then any Sylow 2-subgroup of K¯ is dihedral and
hence, by Gorestein–Walter Theorem (e.g. see [12, §16.3]), we have that either PSL2(q) K¯/O (K¯ )
PΓ L2(q) or K¯/O (K¯ ) ∼= A7 or K¯/O (K¯ ) ∼= D2m−1 . Let R be the inverse image of O (K¯ ) in K . By Schur–
Zassenhaus Theorem R = M × 〈σ 〉, |M| odd. Hence O (R) = M implying that O (G) = M since M is
characteristic in R . Therefore, we have proven that either G is solvable, or 1  O (G)  R  K  G ,
where |G/K | divides 8 and either SL2(q) K/O (G) Γ L2(q) or K/O (G) ∼= Z2.A7. Hence, we obtain
the assertion (2). 
Theorem 20. Let G be an automorphism group of an inversive plane J of odd order n, and assume that each
element of G induces an even permutation on the points of J . If S is a Sylow 2-subgroup of G, and {X, Y } is a
2-subset of points of J preserved by S, then one of the following occurs:
(1) m(S) = 1, and either G = O (G)S, where S is isomorphic to Z2m or Q 2m , or SL2(q) G/O (G) Γ L2(q),
with q odd, or G/O (G) ∼= Z2.A7;
(2) m(S) 2, and one of the following holds:
(a) All involutions in S are dilatations ﬁxing X and Y ;
(b) m(S) = 2,3, and S contains either dilatations with distinct ﬁxed points, or circle inversions. If
m(S) = 3, then n ≡ 1 mod 4, and S contains circle inversions.
Proof. Let S be a Sylow 2-subgroup of G and let {X, Y } be a 2-subset of points of J preserved by S .
If m(S) = 1, then, by [12, Theorem 12.1.1 and §16.3], either G = O (G)S , or SL2(q) G/O (G) Γ L2(q)
or G/O (G) ∼= Z2.A7, and the assertion (1) follows. Hence, assume that m(S) 2.
If not all involutions in S are dilatations ﬁxing X , Y , then either S contains dilatations with distinct
ﬁxed points or S contains circle inversions, since each element in S induces an even permutation
on the points of J . By Theorem 12, we have that m(S) = 2,3, and S contains circle inversions for
m(S) = 3. If the latter occurs, then n ≡ 1 mod 4 by Proposition 4. Therefore, we obtain the assertion
(2)(b). 
Now we assume that case (2)(b) of Theorem 20 occurs. Case (2)(a) will be investigated later.
A p-group U is said to be ultraspecial, if U ′ = Φ(U ) = Z(U ) = Ω1(U ). A Suzuki 2-group is an
ultraspecial 2-group whose involutions are permuted transitively by an automorphism (of odd order).
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of the simple group PSU3(4) is a Suzuki 2-group and will be denoted by U64 (e.g. see [19]).
Proposition 21. Let G be an automorphism group of J . If each element of G induces an even permutation on
the points of J and case (2)(b) of Theorem 20 occurs, then G does not contain a subgroup M isomorphic to
Q 8 ◦ Q 8 , (Q 8 ◦ Z4)× Z2 , U64 ◦ Z4 , U64 × Z2 , U64 ◦W16 , U64 ◦ V2m , U64 ◦ X2m , U64 ◦ Y2m , where W16 , V2m ,
X2m , Y2m are deﬁned in [35].
Proof. We are going to show that all involutions in M are dilatations ﬁxing the same pair of points
of J . At this point, by using the assumption that we are in the case (2)(b) of Theorem 20, we rule
out the possibilities for M listed in the statement of the proposition.
Assume that M is isomorphic to Q 8 ◦ Q 8. Set M = 〈α1, β1〉 ◦ 〈α2, β2〉, where α4i = β2i = 1 and
α
βi
i = α−1i for i = 1,2, since Q 8 ◦ Q 8 ∼= D8 ◦ D8 by [35, Proposition 2.2.iii]. Moreover, α21 = α22 = ρ
and 〈ρ〉 = Z(M). We have m(M) = 3. So if all involutions in M are dilatations they must ﬁx the same
point pair. Assume that M contains a circle inversion. Then by Theorem 18(2) the central involution
of M is a dilatation. An involution γ ∈ M − Z(M) lies in a subgroup 〈γ 〉 × U , U ∼= Z4, Ω1(U ) = Z(M).
From Lemma 6 we get Fix(ρ) ⊆ Fix(γ ). This is in conﬂict with Theorem 18(1).
Suppose that M ∼= (Q 8 ◦ Z4)× Z2. Set M = M0 ×〈γ 〉, where M0 = Q 8 ◦ Z4 and where γ is an invo-
lution. Since m(M0) = 2 and M0 contains more than three involutions (see [23]), then all involutions
in M0 ﬁx the same pair of points and the central one in M0, say ϑ , is a dilatation by Theorem 13.
Moreover, ϑ is the unique involution in M0 that is a square. Hence, let φ ∈ M0 such that φ2 = ϑ . Then
Fix(ϑ) ⊆ Fix(γ ), by Lemma 6, since γ commutes with φ. Therefore, all involutions in M ﬁx Fix(ϑ)
pointwise. Then, all involutions in M must be dilatations (ﬁxing the same pair of points), otherwise
we obtain a contradiction by Theorem 18(1), again since m(M) = 3.
Assume that M is isomorphic to one of the groups U64 × Z2, U64 ◦ Z4, U64 ◦ V2m , U64 ◦ X2m ,
U64 ◦ Y2m , U64 ◦ W16, where V2m , X2m , Y2m , W16 are deﬁned in [35]. Then m(M) = 3 by Propo-
sitions 4.2, 4.12 and 4.16 of [35]. Furthermore, apart from U64 ◦ Z4 and U64 ◦ W16, the group M
contains a normal elementary abelian subgroup T of order 8 by Proposition 4.16 of [35]. Thus, in
these cases U64  CM(T ) and hence H ∼= Z4 × Z4 × Z2 is a subgroup of M . Also the groups U64 ◦ Z4
and U64 ◦W16 contain a subgroup, that we still denote it by H , isomorphic to Z4 × Z4 × Z2. Therefore,
in each case M contains a subgroup H ∼= Z4× Z4 × Z2. Then H contains a subgroup H0 ∼= Z4× Z2 × Z2
such that |Fix(H0)| = 2 by Lemma 6 and Proposition 5(2)–(3). Then by Theorem 18(1) the group
Ω1(H) = Ω1(H0) is a group of dilatations. Then H0∩MX,Y contains a four-group of dilatations. Apply-
ing Theorem 18(2) we see that M does not contain circle inversions. We conclude that all involutions
in M are dilatations ﬁxing X , Y . In each case we have M ∩ S X,Y = 〈1〉, as M is isomorphic to one of
the groups Q 8 ◦ Q 8, (Q 8 ◦ Z4)× Z2, U64× Z2, U64 ◦W16, U64 ◦V2m , U64 ◦ X2m , U64 ◦Y2m , or to U64 ◦ Z4.
As m(S) = 3 and since we are assuming that case (2)(b) of Theorem 20 occurs, then S contains circle
inversions. Thus, we have that |I(S X,Y )∩ D(S)| = 2 by Theorem 18(2). Nevertheless, this is impossible
since I(M) ⊆ I(S X,Y ) ∩ D(S), with |I(M)| > 3, as all involutions in M are dilatations ﬁxing the same
pair of points of J . Therefore, M cannot be isomorphic to one of the groups listed above. 
Now, we recall some other group-theoretical tools. A group G is quasisimple, if G is perfect, i.e.
G = G ′ , and the group G/Z(G) is simple. A group G is semisimple if either G is central product of
quasisimple groups, or G = 〈1〉. If G is semisimple, G = 〈1〉, the quasisimple factors of G are uniquely
determined. They are called the components of G . It is well known that G possesses a unique max-
imal normal semisimple subgroup, which is called the layer of G and is denoted by L(G). If F (G)
denotes the Fitting subgroup of G , then F ∗(G) = F (G)L(G) is called the generalized Fitting subgroup
of G . The group L(G) centralizes F (G) and hence F ∗(G) = F (G) ◦ L(G). Moreover, CG(F ∗(G)) F ∗(G).
For further information on F ∗(G), the reader is referred to [1].
Now, we are going to determine the structure of F ∗(G¯), where G¯ = G/O (G), and to derive the
structure of G from that of F ∗(G¯).
Theorem 22. Let G be an automorphism group of J such that each element of G induces an even permutation
on the points of J . If case (2)(b) of Theorem 20 occurs, then the following hold:
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(2) If Out(L(G¯)) is solvable, then G/L is solvable, where L is the preimage of L(G¯) in G. In particular, if
L(G¯) = 〈1〉 then G is solvable.
Proof. Let G be an automorphism group of J satisfying the hypotheses of the theorem. Set C¯ =
CG¯(F (G¯)) and F¯ = F (G¯) then G¯/C¯  Aut( F¯ ) and L(G¯) C¯ by the above remark. Note that, F¯ lies in a
Sylow 2-subgroup of S¯ of G¯ , which is isomorphic to a Sylow 2-subgroup of G , again as G¯ = G/O (G).
Then m2( F¯ ) 3 and F¯  S¯ . Assume that there is ϑ ∈ G¯/C¯ such that o(ϑ) = u > 3, u prime. Then u ∈
{5,7} by Theorem A of [35]. Assume that u = 7. Let F be a 2-group such that F¯ = F O (G)/O (G). Then
G = NG(F )O (G) by the Frattini argument. Hence there is g ∈ NG(F ), gu ∈ CG(F ), such that g induces
the automorphism ϑ on F ∼= F¯ . As u = 7 we deduce from [35] and [19] that ϑ acts transitively on the
set of involutions of F . Hence the involutions are conjugate. Therefore, the Ω1(F ) is an elementary
abelian 2-group of order 8 whose involutions are dilatations. But this contradicts Theorem 18(2), since
a Sylow 2-subgroup of G contains circle inversions.
Now, assume that u = 5. Then by [35, Theorem A.ii], F¯ is isomorphic to one of the groups Q 8 ◦
D8 ◦ Z2m , (Q 8 ◦ D8) × Z2m , (Q 8 ◦ D8) × Q 2m , Q 8 ◦ D8 ◦ D2m , Q 8 ◦ D8 ◦ V2m , Q 8 ◦ D8 ◦ X2m , U64 ◦ Z2m ,
U64 × Z2m , U64 ◦ Q 2m , U64 × Q 2m , U64 ◦ D2m , U64 ◦ SD2m , U64 ◦ W24 , U64 ◦ V2m , U64 ◦ X2m , U64 ◦ Y2m .
Since we are assuming that case (2)(b) of Theorem 20 holds, we may use Proposition 21 to assert
that, except for U64, all the groups listed above are ruled out. Thus, we have F¯ ∼= U64. Since U64 is
a Sylow 2-subgroup of PSU3(4), then Aut( F¯ ) contains a subgroup K ∼= Z15 that acts semiregularly on
the vector GF(2)-space F¯/Z( F¯ ) (e.g. see [20, Satz II.10.12]). Also, Aut( F¯ ) acts on F¯/Z( F¯ ) and hence
Aut( F¯ )  GL4(2). Then K is a Singer cycle subgroup of GL4(2). Then, by [20, Satz II.7.3], we have
that either Aut( F¯ ) Z15 : Z4, or Aut( F¯ ) ∼= GL4(2). If the latter occurs, then F¯ ∼= U64 would contain an
automorphism of order 7, but this is impossible. Therefore, we have proven that either F¯ ∼= U64 and
Aut( F¯ ) Z15 : Z4, or G¯/C¯ is a {2,3}-group. In any case G¯/C¯ is solvable.
Now, set C¯∗ = CG¯ (F ∗(G¯)). As L(G¯) CG¯( F¯ ) and C¯∗  C¯ , then CC¯ (L(G¯)) = C¯∗ and hence C¯/C¯∗ 
Aut(L(G¯)). Therefore, C¯/(L(G¯) ◦ C¯∗)  Out(L(G¯)). As Out(L(G¯)) is solvable by our assumption, and
since G¯/C¯ is solvable by (1), then G¯/(L(G¯)◦ C¯∗) is solvable. As a consequence, we have that G¯/L(G¯) is
solvable. This implies that G/L is solvable, where L is the preimage of L(G¯) in G , since G/L ∼= G¯/L(G¯),
and the proof of the assertion (2) is completed. 
The following result will be used in the proof of Lemma 24.
Lemma 23. Let K be a ﬁnite group with a normal p′-subgroup M and let α,β ∈ K be p-elements. Then 〈α〉 is
conjugate to 〈β〉 in K if and only if 〈αM〉 is conjugate to 〈βM〉 in K/M.
The proof is immediate.
Lemma 24. Let G be an automorphism group of an inversive plane J of odd order such that each element in
G induces an even permutation on the points of J . If H¯ is a component of L(G¯) with a unique conjugate class
of involutions, then m2(H¯) 2.
Proof. Let H be the inverse image of H¯ in G and assume that m2(H¯) = 3. By Lemma 23 the group
H has a unique conjugate class of involutions. Then all the involutions of H are dilatations by Propo-
sition 5. Then H contains an elementary abelian group U of order 8 consisting of dilatations since
H¯ = H/O (G) and m2(H¯) = 3. In particular U  G , and |Fix(U )| = 2 by Lemma 9, but this contradicts
Theorem 18(2), since we are assuming that case (2)(b) of Theorem 20 holds. 
Lemma 25. Let G be an automorphism group of an inversive plane J of odd order such that each element in
G induces an even permutation on the points of J . If case (2)(b) of Theorem 20 holds and L(G¯) = 〈1〉, then a
component of L(G¯) is isomorphic to one of the following groups:
(1) SL2(q), Sp4(q), q odd;
(2) Z2.A7;
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(4) A7 , M11 .
Proof. Let H¯ be a component of L(G¯). Since case (2)(b) of Theorem 20 holds by our assumption, then
m2(H¯) 3. Thus, by [31], H¯ is isomorphic to one of the following groups:
(1) SL2(q), SL4(q), SU4(q), Sp4(q), Sp6(q), q odd;
(2) Z2. J2, Z2.A7;
(3) Z4.PSL3(4);
(4) R.Sz(8), where 1< R  E4;
(5) PSL2(q), PSL3(q), PSU3(q), G2(q), 3D4(q), q odd;
(6) Sz(q), PSL2(q), PSU3(q), q even;
(7) 2G2(q), q = 3k , k 1;
(8) A7, M11, M12;
(9) J1;
(10) ON .
Assume that H¯ is isomorphic to one of the groups SL4(q), SU4(q), Sp6(q) in (1). Then H¯ is of 2-
rank 3. Since H¯  L(G¯) and m2(L(G¯))  3, then H¯  G¯ . Therefore, H  G , where H is the inverse
image of H¯ in G . Let S be a Sylow 2-subgroup of H . Then S¯ is a Sylow 2-subgroup of H¯ and S¯ ∼= S .
The group S¯ contains a subgroup U isomorphic to Q 8  Z2 whose central involution is that of Z(H¯).
Let R be a subgroup of S such that R¯ = U and let σ be an involution of R such that σ¯ is the central
involution of H¯ lying in U . Since S ∩ O (G) = 〈1〉, then σ is central in S . As R ∼= Q 8  Z2, let R0 be
the subgroup of R isomorphic to Q 8 × Q 8 and let γ be an involution of R − R0 permuting two
copies of Q 8 of R0, and centralizing a third one (namely that containing σ ). Then γ permutes the
involutions in such two copies of Q 8 and centralizes σ , which is the product of these two. Thus σ is
a dilatation by Proposition 5(2)–(3), since each involution in S induces an even permutation on the
points of J . The group H¯ contains an elementary abelian subgroup E of order 8 such that σ ∈ E and
E − 〈σ 〉 contains 3 involutions which are conjugate in H¯ . Then such involutions are conjugate in H
by Lemma 23, and hence they are dilatations of J by Proposition 5(2)–(3). Therefore H contains an
elementary abelian subgroup of order 8 containing 4 dilatations (including σ ) and this contradicts
Theorem 18(2). Thus, only the groups H¯ ∼= SL2(q) and H¯ ∼= Sp4(q) are admissible in this case.
Assume that H¯ is one of the groups in (2). If H¯ ∼= Z2. J2, then H¯ has a subgroup isomorphic to
Z2 × PSU3(3) by [27]. The group PSU3(3) has a unique conjugate class of involutions. Such involutions
are conjugate in H by Lemma 23, and hence they are dilatations of J by Proposition 5(2)–(3). Since
the Sylow 2-subgroups of PSU3(3) are wreathed of order 25, then PSU3(3) has a subgroup isomorphic
to F = Z4 × Z4. Thus Ω1(F ) S X,Y , where S is a Sylow 2-subgroup of G by Theorem 18(1). But this
contradicts Theorem 18(2), since S contains circle inversions. Hence, only H¯ ∼= Z2.A7 is admissible.
The case (3) cannot occur. Indeed, the group H¯ ∼= Z4.PSL3(4) has a subgroup C¯ such that
C¯/O 2(C¯) ∼= SL(2,4) and O 2(C¯) ∼= Z4 ◦ Q 8 ◦ Q 8, and hence G has a subgroup isomorphic to Z4 ◦ Q 8 ◦ Q 8
contradicting Proposition 21.
Case (4) is ruled out, since R.Sz(8), where 1 < R  E4, has 2-rank greater than 3 (e.g. see [13,
p. 127]).
As the groups G2(q), 3D4(q) and the groups listed in cases (7), (9) and (10) are ruled out by
Lemma 24, then the unique admissible groups arising from cases (5), (7), (9) and (10) are PSL2(q),
PSL3(q), or PSU3(q), q odd.
Assume that H¯ is one of the groups listed in case (6). Then H¯ contains a unique conjugate class
of involutions and contains an elementary abelian subgroup of order q. Then q  4 by Lemma 24.
Therefore, either H¯ ∼= PSL2(4) ∼= PSL2(5), or H¯ ∼= PSU3(4). Assume that the latter occurs. All dilata-
tions in a Sylow 2-subgroup of H¯ ﬁx the same pair of points by Lemma 6, being them squares
and central in the Sylow 2-subgroup. Suppose that H¯ < L(G¯). Since m2(L(G¯))  3 and m2(H¯) = 2,
then any other component of G¯ cannot be non-abelian simple. Consequently, by the above argument,
such a component of G¯ must be quasisimple with a non-trivial center and of 2-rank 1. Thus, either
PSU3(4) × SL2(q)  L(G¯), or PSU3(4) × Z2.A7  L(G¯). So, a Sylow 2-subgroup G contains a subgroup
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and hence F ∗(G¯) = PSU3(4) ◦ F (G¯), where F (G¯) is a 2-group in this case, since G¯ = G/O (G). If
F (G¯) = 〈1〉, then U64 × Z2  G by [4], since the Sylow 2-subgroups of G and of G¯ = G/O (G) are iso-
morphic, and we obtain a contradiction as above. Consequently, we have that F (G¯) = 〈1〉 and hence
F ∗(G¯) = PSU3(4). Then PSU3(4) G¯  PΓ U3(4), since CG(F ∗(G)) F ∗(G). Suppose that G¯  PSU3(4).
Let S be a Sylow 2-subgroup of G . Then S0 : 〈ω〉  S , with S0 ∼= U64 and 〈ω〉 ∼= Z2, since S is iso-
morphic to a Sylow 2-subgroup of G¯ = G/O (G). In particular, 〈ω〉 is induced by a ﬁeld automorphism
of GF(16) preserving GF(4). Then the group S0 contains a subgroup isomorphic to Z4 × Z4 whose
involutions are dilatation ﬁxing the same pair P1, P2 of points of J by Lemma 6. Let E be the ele-
mentary abelian subgroup of order four of Z4 × Z4. The involutions in E , which are represented by
3 × 3 upper triangular matrices with coeﬃcients in GF(4), commute with ω. Thus ω ﬁxes P1, P2.
Then ω cannot be a circle inversion by Lemma 10, since we are assuming that each element in G ,
and in particular in S , induces an even permutation on the points of J . Thus ω is a dilatation ﬁxing
P1, P2. In particular, as U64 : Z2  S  U64 : Z4, all involutions in the Sylow 2-subgroup S of G are
dilatations ﬁxing P1, P2, a contradiction. If G¯ ∼= PSU3(4), again all involutions in a Sylow 2-subgroup
of G are dilatations ﬁxing P1, P2, and we still obtain a contradiction. Therefore, H¯ ∼= PSU3(4) is ruled
out, and hence H¯ ∼= PSL2(4) ∼= PSL2(5), which is one of the groups already obtained in case (5).
Finally, assume that H¯ is one of the groups listed in case (8). As the group H¯ ∼= M12 is ruled out by
Proposition 21, since it contains a subgroup isomorphic to Q 8 ◦ Q 8, one has H¯ ∼= A7 or H¯ ∼= M11. 
Theorem 26. Let G be an automorphism group of an inversive plane J of odd order such that each element
of G induces an even permutation on the points of J . If case (2)(b) of Theorem 20 holds and L(G¯) = 〈1〉, then
L(G¯) is isomorphic to L0 , L1 , L2 , L3 , L1 × L1 , to L1 × L2 , or to L1 × L3 , where
(1) L0 ∼= Sp4(q), q odd;
(2) L1 ∼= Z2.A7, SL2(q), q odd;
(3) L2 ∼= PSL2(q), PSL3(q), PSU3(q), q odd;
(4) L3 ∼= A7 , M11 .
Moreover, in each case we have that 〈1〉 O (G) < L G, where L/O (G) ∼= L(G¯), and G/L is solvable.
Proof. Recall that the group L(G¯) is the central product of the components of G¯ whose structure is
determined in Lemma 25. Assume that L(G¯) contains at least two components M1 and M2 of G¯ . Then
at most one of these components of G¯ is non-abelian simple, since the 2-rank of L(G¯) is at most 3.
Suppose that both M1 and M2 are quasisimple with a non-trivial center. Then either Mi is isomorphic
to SL2(q), Sp4(q), where q is odd, or Z2.A7 for i = 1,2 again by Lemma 25. If M1 ◦ M2  L(G¯), then
L(G¯) contains a subgroup isomorphic to Q 8 ◦ Q 8 and we obtain a contradiction by Proposition 21. If
L(G¯) contains a further component of G¯ , say M3, that is isomorphic to SL2(q), Sp4(q), where q is odd,
or to Z2.A7, the above argument yields that M1 × M2 × M3  L(G¯). Then a Sylow 2-subgroup of L(G¯)
contains a subgroup isomorphic to Q 8× Q 8 × Q 8. So, all involutions in Q 8× Q 8× Q 8 are squares, and
this contradicts Theorem 18(1). The same argument still excludes the case where L(G¯) ∼= M1 × M2,
and one of the Mi is isomorphic to Sp4(q), with q odd. Thus, if L(G¯) contains at least two quasisimple
components with non-trivial center of G¯ , then L(G¯) ∼= M1 × M2, where Mi is isomorphic to one of
the groups Z2.A7, SL2(q), q odd, for each i = 1,2. Similarly, it can be proven that L(G¯) ∼= M1 × M2, if
either M1 or M2 is non-abelian simple.
Since L(G¯) is isomorphic to L0, L1, L2, L3, L1 × L1, to L1 × L2, or to L1 × L3, where the Li ’s, i =
0,1,2,3, are the groups listed in Lemma 25, then Out(L(G¯)) is solvable and hence by Theorem 22(2)
the group G/L is solvable, where L is the inverse image of L(G¯) in G . This completes the proof. 
Now, we investigate case (2)(a) of Theorem 20. As mentioned in the introduction, in this case it seems
to be extremely diﬃcult to determine the structure of an automorphism group of J when it ﬁxes
a bundle. Therefore, case (2)(a) will be instigated under the additional assumption that G is a f.b.f.
automorphism group of J .
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the structure of G is determined, or B(G∗) = ∅ and hence G∗ is f.b.f. Thus, we may restrict our
investigation to the structure of G∗ , since [G : G∗] 2.
Let us recall that, a subgroup H of a group G is said to be strongly embedded in G if, and only if,
H is of even order, and the group H ∩ Hg is of odd order for each g ∈ G − H . A central result for
strongly embedded subgroups is the following:
Theorem 27 (Bender). Let H be a strongly embedded subgroup of a group G, then one of the following holds:
(1) A Sylow 2-subgroup of G is isomorphic to a cyclic or a generalized quaternion group;
(2) 〈1〉  O (G) < L  G, where L/O (G) ∼= PSL2(q), or Sz(q), or PSU3(q), with q a power of 2, q  4, and
where G/L is of odd order.
See [2, Satz 1], for a proof.
By using Bender’s result we obtain:
Theorem 28. Let G be a f.b.f. automorphism group of an inversive planeJ of odd order such that each element
in G induces an even permutation on the points of J . If case (2)(a) of Theorem 20 holds, then 〈1〉 O (G) <
L G, where L/O (G) is isomorphic to one of the groups PSL2(q), Sz(q), PSU3(q), with q a power of 2, q  4,
and where G/L is of odd order. Moreover, n ≡ 1 mod 4 in each case, possibly except for L/O (G) ∼= PSL2(4).
Proof. As all involutions in S are dilatations ﬁxing X and Y , then all involutions of G{X,Y } ﬁx
{X, Y } pointwise. As G is f.b.f., then G{X,Y } < G . Assume that there is g ∈ G − G{X,Y } such that
|Gg{X,Y } ∩ G{X,Y }| is of even order. Since all involutions in G{X,Y } (resp. Gg{X,Y }) ﬁx {X, Y } (resp.
{X, Y }g ) pointwise, then any involution in Gg{X,Y } ∩ G{X,Y } ﬁxes {X, Y } and {X, Y }g pointwise, with
{X, Y } = {X, Y }g , as g ∈ G − G{X,Y } . However, this is impossible, since all involutions in G are dilata-
tions. Then G{X,Y } ∩ Gg{X,Y } is odd for each g ∈ G − G{X,Y } , and thus G{X,Y } is strongly embedded in G .
Then, by Theorem 27, we have that 〈1〉 O (G) < L  G , where L/O (G) is isomorphic to one of the
groups PSL2(q), Sz(q), PSU3(q), with q being a power of 2, q  4, and where G/L is of odd order, as
m(S)  2. Moreover, possibly except for the case L/O (G) ∼= PSL2(4), we have that n ≡ 1 mod 4 by
[16, Satz 3], and hence the assertion. 
At this point, Theorem 1 follows from Theorems 20, 22, 26 and 28.
4. Point-transitive automorphism groups
In this section we investigate the point-transitive automorphism groups of an inversive plane J
of odd order. Throughout the remainder of the paper, for each subgroup X of G , the symbol X¯ will
denote XO (G)/O (G). Moreover, k 1 will denote the length of any O (G)-orbit of points of J .
We now prove some preliminary lemmas which are useful in the sequel.
Lemma 29. Let G be a point-transitive automorphism group of an inversive plane J of odd order n. If G¯ is
a non-abelian simple group containing a unique conjugate class of involutions, then these are dilatations and
the following hold:
(1) G induces G¯ on the set of O (G)-orbits of points of J , and |Fix(σ¯ )| = 2 for any involution σ¯ of G¯;
(2) IfO denotes any O (G)-orbit of points of J , then |σ¯ G¯ | = n2+12k |σ¯ G¯ ∩ G¯O|;
(3) If P is any point of J , then [G¯ : G¯ P ] = n2+1k > 1 and |CG¯(σ¯ )| | 2|G¯ P |.
Proof. Let K be the kernel of the action of G on the set O (G)-orbits of points of J . Then O (G)
K  G and hence either K = O (G) or K = G , since G¯ is a non-abelian simple group. If the latter
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n2+1 with n odd, as G is transitive on the points of J . Thus K = O (G) and we obtain the ﬁrst part of
the assertion (1). Moreover, if P is any point of J and O denotes P O (G) , one has [G : GO] = n2+1k > 1
as k is odd. Then [G¯ : G¯O] = n2+1k as O (G)  GO . The involutions of G are conjugate by Lemma 23
and hence they are dilatations of J by Proposition 5, since each element in G induces an even
permutation on the points of J as G¯ is non-abelian simple. Thus |Fix(σ )| = 2 for any involution in G .
We may assume that P ∈ Fix(σ ). Then |O ∩ Fix(σ )| = 1 since O− Fix(σ ) must be even. Therefore σ¯
ﬁxes two O (G)-orbits of points of J , i.e. |Fix(σ¯ )| = 2, as k is odd. By relation (9) of [29], one has
2 = |CG¯(σ¯ )||G¯O|
∣∣σ¯ G¯ ∩ G¯O
∣∣. (1)
Thus |CG¯(σ¯ )| | 2|G¯O|. As GO = O (G)GP , then G¯O ∼= G¯ P and one obtains the assertion (3). Note
that (1) can be rewritten as 2 = [G¯:G¯O]|σ¯ G¯ | |σ¯ G¯ ∩ G¯O|. Since [G¯ : G¯O] =
n2+1
k , then |σ¯ G¯ | = n
2+1
2k |σ¯ G¯ ∩ G¯O|
and we obtain the assertion (2). 
Lemma 30. If G is a point-transitive automorphism group of an inversive plane J of odd order n, then G¯ 
A7,M11 .
Proof. If G¯ ∼= A7, then CG¯(σ¯ ) ∼= E4.S3 and hence n
2+1
2k | 3 · 5 · 7 by Lemma 29. Since each odd prime
divisor of n2 + 1 must be congruent to 1 modulo 4, we actually have n2+1k = 2,10 as n
2+1
k > 1. Since
A7 is simple and has no transitive permutation representations of degree 10, we obtain a contradic-
tion.
If G¯ ∼= M11, then CG¯(σ¯ ) ∼= Z2.S4 and hence n
2+1
2k | 3 · 5 · 11 by Lemma 29. As above n
2+1
2k | 5 and we
obtain a contradiction, since the minimal transitive permutation representation of M11 is 11. 
Lemma 31. Let G be a point-transitive automorphism group of an inversive plane J of odd order n. If G¯ ∼=
PSL2(q), q odd, then one of the following occurs:
(1) n2 + 1 = kq(q + 1), q = pr , p ≡ 1 mod 4, k > 1 and |G¯ P | = q−12 ;
(2) n2 + 1 = k(q + 1), q ≡ 1 mod 4, k 1, and G¯ P ∼= Eq.Z q−1
2
.
Proof. Assume that G¯ ∼= PSL2(q), q odd. Then n2+1k | q(q∓1) and q±12 | |G¯ P | by Lemma 29, as CG¯ (σ¯ ) ∼=
Dq±1 and |σ¯ G¯ | = 12q(q∓ 1). Assume that n
2+1
k corresponds to a transitive permutation representation
degree of PSL2(q) less than q + 1. Thus, by [20, Haupsatz II.8.27], n2+1k = 5,7,6,11 for q = 5,7,9,11
respectively. Actually n
2+1
k = 6, since n and k are odd. However, this case cannot occur, since each odd
prime divisor of n2 + 1 must be congruent to 1 modulo 4. Therefore, n2+1k  q + 1. If q ≡ −1 mod 4,
then n
2+1
k | q(q − 1). Again, since each odd prime divisor of n2 + 1 must be congruent to 1 modulo 4,
we have n
2+1
k | q − 1, which is impossible since n
2+1
k  q + 1. Therefore, q ≡ 1 mod 4, n
2+1
k | q(q + 1)
and hence q−12 | |G¯ P |.
If |G¯ P | = q−12 , then n2 + 1 = kq(q + 1) with q = pr and p ≡ 1 mod 4. If k = 1 then n2 = q2 + q − 1,
but this is impossible since q2 < n2 < (q + 1)2. Thus k > 1 and we obtain the assertion (1).
If |G¯ P | > q−12 , then |G¯ P | q − 1 and hence G¯ P is isomorphic to A4, A5 for q = 9, or Eq.Z q−12 by
[20, Haupsatz II.8.27], since |Fix(σ¯ )| = 2. If G¯ P is isomorphic to A4, A5, then n2+1k = 30 or 6 respec-
tively, and we obtain a contradiction in each case. Hence, G¯ P ∼= Eq.Z q−1
2
and n2 + 1 = k(q + 1), which
is the assertion (2). 
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be any point of J . If G¯ ∼= PSL3(q), q odd, then one of the following occurs:
(1) n2 + 1 = 2kq2(q2 + q + 1), q ≡ 2 mod 3, k > 1, and G¯ P ∼= Zq−1.PSL2(q);
(2) n2 + 1 = 2k(q2 + q + 1), q ≡ 0,2 mod 3, k > 1, and G¯ P ∼= Eq2 : Zq−1.PSL2(q).
Proof. Let G¯ ∼= PSL3(q), q odd. Then n2+12k | q2(q2+q+1) by Lemma 29, as CG¯(σ¯ ) ∼= Z q−1v .PGL2(q), with
v = (3,q − 1). If M¯ is a maximal subgroup of G¯ containing G¯ P , then |CG¯(σ¯ )| | 2|M¯| as |CG¯(σ¯ )| | 2|G¯ P |
again by Lemma 29. By ﬁltering the list of the maximal subgroups M¯ of PSL3(q) given in [28] with
respect to the restriction |CG¯(σ¯ )| | 2|M¯|, we have that M¯ corresponds to the stabilizer of a point
(resp. of a line) in the desarguesian plane of order q. If G¯ P = M¯ , then the action of G¯ on the set
of O (G)-orbits on J is equivalent to that of G¯ on the desarguesian plane of order q. Thus σ¯ ﬁxes
q + 1 O (G)-orbits on J as it corresponds to a homology, and hence σ ﬁxes at least q + 1 points
on J , a contradiction. Hence, G¯ P < M¯ . Since M¯ ∼= Eq2 : Z q−1
v








.PGL2(q). As the action Z q−1
v
.PSL2(q) on Eq2 is irreducible, we obtain
that either Z q−1
v
.PSL2(q) G¯ P  Z q−1
v
.PGL2(q) or G¯ P ∼= Eq2 : Z q−1
v
.PSL2(q). If the former occurs, we
actually have G¯ P = Z q−1
v
.PSL2(q), since [G¯ : G¯ P ] = n2+1k must be even. Therefore n2 + 1 = 2kq2(q2 +
q+ 1). If q ≡ 0,1 mod 3, then q2(q2 + q+ 1) ≡ 0 mod 3 and hence n2 + 1 ≡ 0 mod 3, a contradiction.
Thus q ≡ 2 mod 3 and hence v = 1. Assume that k = 1. Then G ∼= G¯ . Therefore [CG(σ ) : GP ] = 2 and
the action of G on the system of imprimitivity {P , Q }G , where {P , Q } = Fix(σ ), is equivalent to the
action of G on σ G . From the action of G on PG2(q), q odd, one can see that if (X, l) is an incident
point-line pair of PG2(q), the group of (X, l)-elations is elementary abelian of order q and centralizes
each of the q2 involutory homologies with center on l − {X} and axis lying in [X] − {l}. Therefore
there is an elementary abelian subgroup F of G of order q that ﬁxes exactly q2 elements in {P , Q }G
and hence 2q2 points on J , as q is odd. If 2q2  n + 1, then 2q2(2q2 − 2) + 2  n2 + 1. However,
this is impossible, since n2 + 1 = 2q2(q2 + q + 1). Thus, Fix(F ) is not contained in a circle of J , and
hence Fix(F ) is an inversive subplane of J of order m, where m2 + 1 = 2q2, by [7, Result 6.1.7]. Then
(2q2 − 1) 32  [2q2(q2 + q+ 1)− 1] 12 by [7, Result 6.3.2(b)], and hence (2q2 − 1)3  2q2(q2 + q+ 1)− 1.
Such an inequality has no admissible solutions, and this case is excluded. Thus k > 1 and we obtain
the assertion (1).
Assume that G¯O ∼= Eq2 : Z q−1
v
.PSL2(q). Then n2 + 1 = 2k(q2 + q + 1), q ≡ 0,2 mod 3, and hence
v = 1. If k = 1, then (n − 1)(n + 1) = 2q(q + 1). Since q + 1 is even and since (n − 1,n + 1) = 2,
then either 2q | n − 1, or 2q | n + 1. As 2q  n + 1 in each case, then (n − 1)(n + 1)  2q(2q − 1),
a contradiction. Thus k > 1 and we obtain the assertion (2). 
Lemma 33. Let G be a point-transitive automorphism group of an inversive plane J of odd order n. If G¯ ∼=
PSU3(q), q odd, then n2 + 1 = 2kq2(q2 − q + 1), q = pr with p ≡ 1 mod 4, k > 1, and G¯ P ∼= Zq+1.PSL2(q),
where P is any point of J .
Proof. Let G¯ ∼= PSU3(q), q odd. Then n2+12k | q2(q2−q+1) by Lemma 29 as CG¯(σ¯ ) ∼= Z q+1v .PGL2(q), with
v = (3,q + 1). If M¯ is a maximal subgroup of G¯ containing G¯ P , then |CG¯(σ¯ )| | 2|M¯| as |CG¯(σ¯ )| | 2|G¯ P |
again by Lemma 29. By ﬁltering the list of the maximal subgroups M of PSU3(q) given in [28] with
respect to the restriction |CG¯(σ¯ )| | 2|M¯| we obtain that either M¯ corresponds to the stabilizer in
PSU3(q) of an absolute point in the desarguesian plane of order q2, or M¯ = CG¯(σ¯ ). Assume that
the former occurs. Then [G¯ : M¯] = q3 + 1 and so q3 + 1 | n2+1k , but this is impossible since n
2+1
k |
2q2(q2 − q + 1). Then M¯ = CG¯(σ¯ ) and Z q+1
v
.PSL2(q) G¯ P  Z q+1
v




k = q2(q2 − q + 1) and this contradicts the fact that n is odd. Thus G¯ P = Z q+1v .PSL2(q) and hence
n2+1
k = 2q2(q2 − q + 1). If v = 3, then 3 divides q2 − q + 1, whereas each odd prime divisor of n2 + 1
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1 mod 4.
Assume that k = 1, then G ∼= G¯ . Then [CG(σ ) : GP ] = 2 where σ ∈ GP . Furthermore, the action of
G on the system of imprimitivity {P , Q }G , where {P , Q } = Fix(σ ), is equivalent to the action of G
on the blocks of the classical unital. Hence, there is an elementary abelian subgroup F of G of order
q that ﬁxes exactly q2 elements in {P , Q }G and hence 2q2 points on J , as q is odd. Thus either
2q2  n + 1 or m2 + 1 = 2q2 according to whether Fix(F ) is contained in circle or it is an inversive
subplane of J of order m. A contradiction in any case, since n2 + 1 = 2q2(q2 − q+ 1). Thus k > 1 and
we obtain the assertion. 
We deal with the cases O (G) = 〈1〉 and O (G) = 〈1〉 separately.
4.1. O (G) = 〈1〉
Throughout this section we assume O (G) = 〈1〉.
Lemma 34. If G is a point-transitive automorphism group of an inversive plane J of odd order n, then any
Sylow 2-subgroup of G P , P ∈J , is isomorphic to either a cyclic group or to a generalized quaternion group. In
particular, m2(G) 2.
Proof. Let T be a minimal normal subgroup of G which is contained in O (G). Hence, T is an elemen-
tary abelian p-group with p odd prime, as O (G) = 〈1〉 by our assumption. As G is point-transitive on
J and T is normal in G , all the T -orbits of points of J have the same length divisible by p. Thus,
we have p | (n2 + 1). Assume that there is a T -orbit contained in a circle C of J . Then T preserves C ,
as p  3. In particular, C is partitioned in non-trivial T -orbits, since all T -orbits of points of J have
length divisible by p. Thus p | (n + 1) and hence p | (n + 1,n2 + 1), a contradiction. Therefore, no
T -orbits are contained in a circle of J .
Let X be a point of J and let σ be an involution of GX . Then T 〈σ 〉 acts on XT . Let K be the
action kernel of T 〈σ 〉 in XT . Then T X = K ∩ T , since T is an abelian group acting transitively on XT .
Since σ ﬁxes either 2 points or n + 1 concircular ones, according to whether σ is a dilatation or a
circle inversion respectively, and since XT is not contained in any circle of J , then K = T X . Thus,
σ normalizes T X and hence T /T X . By [30, Proposition 4.2], the actions of σ on XT and on T /T X are
equivalent, and hence |Fix(σ )∩ XT | = |CT /T X (σ )|. Therefore, either |Fix(σ )∩ XT | = 1 or |Fix(σ )∩ XT | ≡
0 mod p. If σ is a dilatation, then |Fix(σ ) ∩ XT | = 1, as p is odd. Assume that σ is a circle inversion.
Also assume that |Fix(σ ) ∩ Q T | ≡ 0 mod p for each Q ∈ Fix(σ ). Thus p divides |Fix(σ )| = n + 1,
since the non-empty intersections of T -orbits with Fix(σ ) provide a partition of this one in subsets
of size divisible by p. However, this is impossible, since p | (n2 + 1) and p  3. Thus, there is at least
a T -orbit of points of J on which σ ﬁxes exactly one point in each case. Without loss of generality,
we may assume that XT is such an orbit for both possible types of σ . Since T /T X is elementary
abelian and acts regularly on XT , and since the actions of σ on XT and on T /T X are equivalent by
[30, Proposition 4.2], we may induce on XT the structure of a GF(p)-vector space such that X is the
zero vector and σ operates as the X-inversion on XT (i.e. Rσ = −R for each R ∈ XT − {X}).
Assume that m2(GX )  2, and let 〈φ,σ 〉 be a four-group with σ the X-inversion on XT . By the
above argument we may assume that if 〈φ,σ 〉 contains circle inversions then σ is one of them.
Therefore 〈φ,σ 〉 contains an X-inversion σ and a dilatation, say φ. The above argument with φ in
the role of σ yields that φ operates as the X-inversion on XT . Consequently, the involution φσ ﬁxes
XT pointwise. Thus φσ = 1 by Proposition 4, since XT is not contained in any circle of J . So φ = σ ,
and we obtain a contradiction. Therefore m2(GX ) = 1 and hence either U ∼= Z2h or U ∼= Q 2h . Thus
m2(G) 2, since [G : GX ] ≡ 2 mod 4. 
Proposition 35. Let G be a point-transitive automorphism group of an inversive plane J of odd order n. If G
contains a dilatation σ whose ﬁxed points are P and Q , then either Fix(γ ) = {P , Q } for each involution γ in
G P (resp. in GQ ), or G P = CGP (σ ).
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CGP (σ )]  2, σ is the unique involution that lies in CGP (σ ) and each involution in GP is a dilata-
tion by Lemma 34. Assume that CGP (σ ) < GP . Suppose that there are no involutions in GP − CGP (σ ).
If ρ ∈ GP − CGP (σ ), then σρ is an involution of GP that lies in CGP (σ ), by the previous assumption.
Therefore, σρ = σ , since σ is the unique involution lying CGP (σ ), and hence ρ ∈ CGP (σ ). However,
this is impossible, since ρ ∈ GP − CGP (σ ). Consequently, there is an involution τ ∈ GP − CGP (σ ). Then
τ is a dilatation by the above argument. Suppose that Fix(τ ) ∩ Fix(σ ) = {P }. Then τσ is semireg-
ular on J − {P } by Proposition 5(1). Let T be a minimal normal subgroup of O (G). Then T is an
elementary abelian u-group for some odd prime u. Moreover, |P T | > 1 as T  G and G is transitive.
Arguing as in Lemma 34 (using [30, Proposition 4.2]), both σ and τ are the P -inversion of the vector
GF(p)-space induced on P T . Thus, τσ ﬁxes P T pointwise, and hence |P T | = 1, as τσ is semiregular
on J − {P }. However, this is impossible since |P T | > 1. Thus, we have that Fix(γ ) = Fix(σ ) for each
involution γ ∈ GP − CGP (σ ), and hence the assertion follows. 
Lemma 36. Let G be a point-transitive automorphism group of an inversive plane J of odd order n, and
assume that L(G¯) = 〈1〉. If L denotes the inverse image of L(G¯) in G, then one of the following occurs:
(1) The involutions in L are either dilatations or circle inversions, and L(G¯) is isomorphic to Z2.A7 , or to
SL2(q), where q is odd;
(2) The involutions in L are dilatations, and L(G¯) is isomorphic to one of the groups PSL2(q), PSL3(q), PSU3(q),
where q is odd.
In particular, L has one conjugate class of involutions.
Proof. As m2(L¯)  2 by Lemma 34, then L¯ is isomorphic to Li , i = 0, . . . ,4, or to L1 × L1, where
L0 ∼= Sp4(q), L1 ∼= SL2(q), Z2.A7, L2 ∼= PSL2(q), PSL3(q), PSU3(q), where q is odd, and L3 ∼= PSL2(4) or
PSU3(4), L4 ∼= A7,M11 by Theorem 1. Actually, the cases L1 × L1, L0 ∼= Sp4(q), with q odd and L3 ∼=
PSU3(4) are ruled out. Indeed, in each of these cases, the group L¯, and hence G , contains a subgroup
isomorphic to Z4 × Z4. Hence a four-group would ﬁx a point which is impossible by Lemma 34. Also
the groups L4 ∼= A7,M11 are excluded by Lemma 30. Thus either L¯ ∼= L1 or L¯ ∼= L2, since PSL2(4) ∼=
PSL2(5), and L has one conjugate class of involutions by Lemma 23. 
Theorem 37. Let G be a point-transitive automorphism group of an inversive plane J of odd order n such that
L(G¯) = 〈1〉. If L denotes the inverse image of L(G¯), then 〈1〉 < O (G) < L G, where G/L is solvable, and one
of the following occurs. Let P be a point of J .
(1) L has two point-orbits each of length n
2+1
2 , L¯
∼= Z2.A7, SL2(q), with q odd. In particular we have L =
O (G)LP ;
(2) L is transitive on the points of J and all involutions in L are dilatations. Moreover, all O (G)-orbits of
points of J have the same length k > 1, and one of the following occurs:
(a) n2 + 1 = 2kq2(q2 + q + 1), q ≡ 2 mod 3, L¯ ∼= PSL3(q) and L¯ P ∼= Zq−1.PSL2(q);
(b) n2 + 1 = 2k(q2 + q + 1), q ≡ 0,2 mod 3, L¯ ∼= PSL3(q) and L¯ P ∼= Eq2 : Zq−1.PSL2(q);
(c) n2 + 1 = 2kq2(q2 − q + 1), q = pr with p ≡ 1 mod 4, L¯ ∼= SU3(q) and L¯ P ∼= Zq+1.PSL2(q);
(d) n2 + 1 = kq(q + 1), q = pr with p ≡ 1 mod 4 and q = 5, L¯ ∼= PSL2(q) and L¯ P ∼= Z q−1
2
.
Proof. Since G is transitive on the set of L-orbits and as L has just one conjugacy class of involutions
we see that the involutions in L have precisely the same number f of ﬁxed points on each L-orbit.
Thus, if P is a point of J and σ is any involution of L, then σ ﬁxes exactly f (n2+1)|P L | points on J .
Assume that σ is a circle inversion, then f (n2 + 1) = (n + 1)|P L |. As (n2 + 1,n + 1) = 2, then
f = n+12 a and |P L | = n
2+1
2 c, where a, c  2. From Lemma 36, we have that O (G)σ is the unique
involution of L/O (G) = L(G¯) and either L(G¯) ∼= SL2(q), with q odd, or L(G¯) ∼= Z2.A7. Let f0 be the
number of points ﬁxed by σ in P O (G). Now arguing in P L , with L in the role of G and O (G) in the role
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|P L |
|P O (G)| = f . Then n
2+1
2 cf0 = n+12 a|P O (G)|, where a, c  2. Then n
2+1
2 | a|P O (G)|. So
even |P O (G)| = n2+12 as |P O (G)| is odd. If c = 2, i.e. |P L | = n2+1, there would be a subgroup of index 2
in L, containing O (G) and preserving P O (G) . However, this is impossible since L(G¯) is a perfect group.
Hence, c = 1 and P O (G) = P L and |P L | = n2+12 . Moreover, f0 = f = n+12 . Finally, L = O (G)LP , where
L¯ P is isomorphic either to SL2(q), with q, or to Z2.A7, respectively. Thus, we obtain the assertion (1).
Assume that σ is a dilatation. Then f (n2 + 1) = 2|P L |. If m2(L) = 1, it is easily seen that P O (G) =
P L and |P L | = n2+12 , f0 = f = 1 and L = O (G)LP , where L¯ P ∼= SL2(q), with q odd, or L¯ P ∼= Z2.A7.
Therefore, we still obtain the assertion (1). Hence, assume that m2(L) = 2. Then L¯ is isomorphic to
one of the groups PSL2(q), PSL3(q), PSU3(q), with q odd, by Lemma 36. Set {P , Q } = Fix(σ ). If f = 1,
then |P L | = n2+12 is odd. In particular LP contains a Sylow 2-subgroup of L, contradicting Lemma 34.
Therefore f = 2 and hence |P L | = n2 + 1. Then the assertions (2)(a) and (2)(b) follow from Lemma 32
for L¯ ∼= PSL3(q), whereas the assertion (2)(c) follows from Lemma 33 for L¯ ∼= PSU3(q). Hence assume
that L¯ ∼= PSL2(q). By Lemma 31, one of the following occurs:
(1) n2 + 1 = kq(q + 1), q = pr , p ≡ 1 mod 4, k > 1 and |L¯ P | = q−12 ;
(2) n2 + 1 = k(q + 1), q ≡ 1 mod 4, k 1, and L¯ P ∼= Eq.Z q−1
2
.
If case (1) occurs, then either L¯ P ∼= Z q−1
2
, or L¯ P ∼= D q−1
2
and q ≡ 5 mod 8 by [20, Haupsatz II.8.27],
since a Sylow 2-subgroup of LP is isomorphic to a cyclic group by Lemma 34. If L¯ P ∼= D q−1
2
and
q ≡ 5 mod 8, then q+1 = 2(3+4h). Then there is a prime divisors z of 3+4h such that z ≡ 3 mod 4.
In particular, z | n2 + 1. Nevertheless, this is impossible, since each odd prime divisor of n2 + 1 must
be congruent to 1 modulo 4. Thus L¯ P ∼= Z q−1
2
, and we obtain the assertion (2)(d).
Finally assume that case (2) occurs. Let α¯, β¯ be two distinct involutions of L¯ P ∼= Eq.Z q−1
2
. Then
O = P O (G) is the unique O (G)-orbit of points of J ﬁxed by α¯, β¯ (the actions of L¯ ∼= PSL2(q) on the
set of O (G)-orbits of points of J and on PG1(q) are equivalent). Let α, β be two involutions of L such
that O (G)α = α¯ and O (G)β = β¯ . Since O is the unique O (G)-orbit of points of J ﬁxed by α¯, β¯ , then
O is the unique O (G)-orbit of points of J (preserved by α, β) that contains one of the two points of
J ﬁxed by α and one of the two points ﬁxed by β . Let Pα and Pβ be such a points of O. Then there
is h ∈ O (G) such that Pαh = Pβ . Furthermore, O is the unique O (G)-orbit of points of J containing
a point ﬁxed by αh and a point ﬁxed by β . So Fix(αh)∩ Fix(β) = {Pβ}, and we obtain a contradiction
by Proposition 35. This completes the proof. 
Unfortunately, there is no way to control the growth of k, the length of the O (G)-orbits of points
on J , and hence to completely settle the cases (2)(a), (2)(b), (2)(c) and (2)(d).
4.2. O (G) = 〈1〉
In this section we assume O (G) = 〈1〉, where G still denotes a point-transitive automorphism
group of J . Recall that G∗ is the subgroup of G consisting of the automorphisms inducing even
permutations on the points of J . Then, we have the following
Lemma 38. Either L G  Aut(L), or G = G∗ × 〈γ 〉 with L G∗  Aut(L), where L is a non-abelian simple
group, and γ is a f.p.f. involution of J .
Proof. Let L be a minimal normal subgroup of G . Then either L is a product of a ﬁnite number of
isomorphic non-abelian simple groups, or it is an elementary abelian 2-group. Moreover Fix(L) =∅,
since G is transitive on the points of J . Assume that L ∼= L1 × · · · × Ld , d  1, where the L j ’s are all
isomorphic non-abelian simple groups. The group L j contains a subgroup isomorphic to E4 by [11].
If d  2, then all involutions in a Sylow 2-subgroups are dilatations ﬁxing the same pair of points by
Theorem 12. Therefore L ﬁxes these points contradicting Fix(L) =∅. Thus d = 1.
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consisting of even permutations on the points of J and let L1 be the subgroup of index 2 in L
whose involutions are dilatations. Then L1  L0  L, [L : L0]  2 and [L0 : L1]  2 (see Remark 7).
Moreover, L0, L1  G . Then either L = L1, or L = L0, L1 = 〈1〉 and |L| = 2, or |L| = 2 and L0 = 〈1〉 by
the minimality of L. Suppose that the ﬁrst case occurs. Then |L| = 4 by Lemma 9, since Fix(L) = ∅.
Hence [G : CG(α)]  3, where α be a dilatation of L. So n2 + 1  6, since CG(α) preserves Fix(α)
and G is transitive on the points of J , but this is clearly impossible as n is odd and n > 1. The
case L = L0 and |L| = 2 is ruled out since in this case Fix(L) would be a circle. Thus |L| = 2 and
L0 = 〈1〉, i.e. L = 〈γ 〉, with γ a f.p.f. involution on J . Hence, we have proven that each minimal
normal subgroup of G is either non-abelian simple, or it is cyclic of order 2 and consists of a f.p.f.
involution which is central in G . Moreover, there is at most one group of each type. Let G∗ be the
subgroup of G consisting of the automorphisms inducing even permutations on the points of J . If
L = 〈γ 〉, then [G : G∗] = 2 since γ induces an odd permutation on the points of J by Proposition 4.
Thus G = G∗ × 〈γ 〉, since γ is central in G . In particular, G∗ is non-trivial as G is transitive on the
points of J . Now, Soc(G∗), the socle of G∗ , is non-abelian simple by the above argument, and the
assertion follows. 
Theorem 39. If G is a point-transitive automorphism group of an inversive plane J of odd order n, then J is
miquelian, and one of the following occurs:
(1) n = √q, and PSL2(q) G  PΓ L2(q) (2-transitive action);
(2) n = 3, and A5 G  S5 (primitive action).
Proof. Since O (G) = 〈1〉, by Lemma 38, the group G contains a unique minimal normal non-abelian
simple subgroup L. Then L is isomorphic to one of the groups PSL3(q), PSU3(q), PSL2(q), Sz(q) by
Theorem 2 and Lemma 30. Therefore, L contains a unique conjugate class of involutions. Hence such
involutions are dilatations by Proposition 5. The points of J are partitioned in L-orbits of equal
length and the involutions of L ﬁx the same number f of points in each such L-orbits. Thus, if X is
any point of J , any involution σ of L ﬁxes exactly f (n2+1)|XL | = 2 points of J . Hence, either f = 1 and
|XL | = n2+12 , or f = 2 and L is transitive on the points of J . Assume that the former occurs. Then L
is 2-transitive on XL and L must be isomorphic to one of the groups PSL2(q), Sz(q), PSU3(q), where
q is even and q  4 by [2, Sätze 2 and 3]. The admissible 2-transitive permutations representation
degrees for these groups are qh + 1, with h = 1,2,3, according to whether L is isomorphic to one of
the groups PSL2(q), Sz(q), PSU3(q) respectively. Therefore n
2+1
2 = qh + 1, where h = 1,2,3, and hence
we have that n2 − 1 = 2qh . As q is even, then n = 3 and q = 4. Hence L ∼= PSL2(4) and J is miquelian
by [36]. Now, an elementary abelian subgroup K of L of order four ﬁxes two distinct points, say A,
B , of J . Then K is a group of involutory homologies in JA having the same axis A and the same
center B . However, this is impossible, since JA ∼= AG2(3) does not contain such a collineation group.
Assume that f = 2 and hence that L is transitive on the points of J . Since O (G) = 〈1〉, then
k = 1, where k denotes the length of any O (G)-orbit of points of J . Then by Lemmas 31, 32 and 33,
we have that either L ∼= PSL2(q), q ≡ 1 mod 4 and n2 + 1 = q + 1, or L is isomorphic to one of
the groups Sz(q), PSL3(q), PSU3(q), PSL2(q), where q is even, q  4. If the ﬁrst case occurs, then
L is 2-transitive on the points of J and hence J is miquelian. Thus we obtain the assertion (1).
Hence, assume that L is isomorphic to one of the remaining groups. Since any Sylow 2-subgroup of
L contains an elementary abelian subgroup of order q whose involutions are dilatations, then they
must ﬁx the same pair of points of J for q > 4 by Theorem 12. The same conclusion holds for
PSL3(4) since it contains an elementary abelian group of order 16, and for PSU3(4) by Lemma 6,
since each involution in a Sylow 2-subgroup of PSU3(4) is central and is a square. Hence, if S is
a Sylow 2-subgroup of L, and X , Y are two points of J such that [S : S X,Y ]  2, we have that
Ω1(S) S X,Y for each of the groups Sz(q), PSL3(q), PSU3(q), PSL2(q), where q is even, q 4, possibly
except for L ∼= PSL2(4). If that occurs, then NL(S) NL(Ω1(S)) L{X,Y } . Since NL(S) is maximal in L,
and the action of L on the cosets of NL(S) is 2-transitive (e.g. see [14,33] and [20, Haupsatz II.8.27]),
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is ρ ∈ L such that {X, Y }ρ ∩ {X, Y } = ∅, then q  2 by [3, Proposition 2.3], a contradiction. Thus
{X, Y }L is a set of imprimitivity on J for L. Therefore, we have that |{X, Y }L | = n2+12 , and hence
n2+1
2 = qh + 1 with h = 1,2,3, since L has a 2-transitive action on {X, Y }L . Arguing as above, we
obtain a contradiction. Thus, it remains to investigate the case where L ∼= PSL2(4) is transitive on J
and distinct involutions lying in a Sylow 2-subgroup of L ﬁx distinct points. Easy computations show
that the unique admissible case is n = 3. Then J is miquelian by [36]. Now, Aut(J ) ∼= PΓ L2(9) has a
unique conjugate class of subgroups isomorphic to A5, and each of these A5 has a primitive action on
the points of J . Moreover, NPΓ L2(9)(A5) = S5. Thus, this case does occur yielding the assertion (2). 
At this point, Theorem 3 follows from Theorems 37 and 39.
If G has a primitive action on the points of J , then either O (G) = 〈1〉 or O (G) is transitive on
the points of J , as O (G)  G . If the latter occurs, then O (G) is an elementary abelian p-group by
[10, Theorem 4.3A], since G is primitive. Therefore, we have that n2 + 1 = pr . As n is odd, then
n2 + 1 ≡ 2 mod 4, and hence pr = 2 and n = 1, which is clearly impossible. Thus O (G) = 〈1〉 and the
results of Hering and Bonisoli follow from Theorem 3.
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